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Fluid mechanics
mean free path << size of region => ISM is a fluid

i.e. consider macroscopic quantities, ρ, v, P
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mass conservation

momentum conservation

∇2ϕ = 4πGρPoisson’s equation In which regions of the 
ISM is this important?



Equation of state

P = nkT = ρc2

relates  and   P ρ

isothermal where c2 = kT/m

adiabatic P ∝ ργ

 = adiabatic index = 5/3 for atomic gas, 7/5 for diatomic moleculesγ

What is the adiabatic index for isothermal gas?



The wave equation
Linearize the fluid equestions for perturbations about a static solution 

v = v1, ρ = ρ0 + ρ1, P = P0 + P1
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∂t2 − a2 ∂2ρ1

∂x2 = 0 adiabatic sound speed
a2 = γP0/ρ0 = γkT/m
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x1 − at1 = x2 − at2 → Δx = aΔt

The wave equation   has the general solution 
∂2ρ1
∂t2 − a2 ∂2ρ1

∂x2 = 0 ρ1 = f(x ± at)

Try it and see for yourself!

Any functional form!



The Jeans criterion

⟹ ∂2ρ1
∂t2 = c2 ∇2ρ1 + 4πGρ0ρ1

isothermal, self-gravitating fluid, P = ρc2, ∇2ϕ1 = 4πGρ1

Try a wavelike solution, , to derive the dispersion relation:ρ1 ∝ ei(ωt−k.x)

ω2 = k2c2 − 4πGρ0 ≡ (k2 − k2
J )c2

where the Jeans wavenumber, kJ = (4πGρ0/c2)1/2

derive this in PS#4



The Jeans criterion
ω2 = k2c2 − 4πGρ0 ≡ (k2 − k2

J )c2Dispersion relation

If  then  has a real solution  is (bound) wavek > kJ ω ⟹ ρ1 ∝ ei(ωt−k.x)

If  then  grows exponentially with timek < kJ ω2 < 0 ⟹ ρ1 ∝ ei(ωt−k.x)

L > LJ = 2π
kJ

= ( π
Gρ0 )

1/2

c
A fluid is unstable 

to perturbations on 
scales greater than 
the Jeans length: 



The Jeans mass

Jeans mass MJ = 4
3 πρ0 ( LJ

2 )
3

= 1
6 ( π5

G3ρ0 )
1/2

c3

For the density and temperature of a molecular core, MJ ≃ 1 M⊙

(do these basic properties of the ISM determine the stellar mass scale???)

“Jeans swindle”: there is no equilibrium solution to Poisson’s equation, 
, so a perturbative approach is not valid…ϕ0 = constant ⟹ ρ0 = 0

We’ll do a more rigorous analysis of core stability in the Star Formation lecture and 
return to the topic of what other factors might influence the stellar mass scale then.



The virial theorem

Derivation involves moving to a Lagrangian instead of an Eulerian description of the fluid motion, 
and some index manipulation for deriving the potential energy — see book for details if interested

2T + W = 0
T = kinetic energy
W = gravitational 
potential energy

An object is virialized if it is not changing “significantly” with time

(formally, the moment of inertia is constant or only linearly dependent on time)

noirlab.edu/public/images/archive/



The virial theorem

T = 3
2 Mσ2 W = 3

5 GM2/R For a uniform, spherical cloud:

2T + W = 0 ⟹ M = 5Rσ2

G

i.e., if you can measure the size and velocity dispersion of 
an object, you can determine its mass (if virialized)

Choose your own favorite object and try it out (Problem Set #4)



Magnetic fields

∂v
∂t

+ (v . ∇)v = − ∇P
ρ

− ∇ϕ + j × B
extra term to the 

momentum equation

Flow of charged particles through a magnetic field creates an electric current j = 1
μ0

∇ × B

j × B = 1
μ0

(B . ∇)B − ∇( B2

2μ0 )
pressuretension

—> magnetohydrodynamics (MHD)



Alfvén speed
note the book got 

the accent wrrong :(

Thermal pressure, , where sound speedP = nkT = ρc2 c = (kT/m)1/2 =

Magnetic pressure, , where Alfvén speedP = B2/2μ0 = ρv2
A /2 vA = B/(μ0ρ)1/2 =

Analogous (to within a factor of 2*):

* I don’t fully understand why the factor of 2 is here, sorry… (but it is correct)

Typical ISM magnetic field strengths ~ 10 µG (nano-Tesla)

 km/s at molecular cloud densities


(suggesting that [turbulent] magnetic waves may be important for cloud support)
⟹ vA ∼ 2
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https://www.ias.u-psud.fr/soler/planckhighlights.html



Shocks
Abrupt changes in fluid properties on small scales

Upstream

v1, ⇢1, P1

Downstream

v2, ⇢2, P2

S
H
O
C
K

ρ1v1 = ρ2v2

ρ1v2
1 + P1 = ρ2v2

2 + P2

Rankine-Hugoniot 
jump conditions

mass conservation

momentum/force balance

Define 
small!



https://www.bbc.com/future/article/20160216-you-think-this-is-a-sonic-boom-its-not

upstreamdownstream

pressure jump



Adiabatic shocks*
no significant radiative losses

=> post-shock density maxes out at ~4 (for )γ = 5/3

ρ2
ρ1

→ (γ + 1)
(γ − 1)

for strong shocks, M1 = v1
a1

≫ 1

Pressure jump, P2 → 3
4 ρ1v2

1

Temperature jump, T2 → 3
16

mv2
1

k

substantial 
conversion of 

KE to heat

* see book for derivation / details

Define 
(in)significant!



Isothermal shocks*
efficient radiative cooling keeps the temperature constant

=> post-shock density increases without limit

ρ2
ρ1

= M2
1

* see book for derivation / details

& post-shock gas moves very slowly (in the frame of the shock)

v1v2 = c2 ⟹ v2 = c/M1 ≪ c



Adiabatic + Isothermal shock

v1 = cM1 v2 = c/M1

T1

3
16mv2

1/k

⇢1

4⇢1

M2
1 ⇢1

xv2 tcool



Expanding supernova remnants

https://chandra.harvard.edu/photo/2017/casa_life/



https://chandra.harvard.edu/photo/2017/casa_life/

post-shock, 
hot gas



Expanding supernova remnants: I.
Supernova energy, ESN ∼ 1044 J = 1051 erg

⟹ vej = 104 (
Mej

1 M⊙ )
−1/2

km/s

Initial phase is free expansion at 

until the mass of swept-up material is comparable to 

v = vej
Mej

Rfree = (
3Mej

4πρ1 )
1/3

≃ 2.2 (
Mej

1 M⊙ ) ( nH

106 m−3 )
−1/3

pc

which occurs at a time   yrtfree = Rfree/vej ≃ 200(Mej/1 M⊙)1/2



At early times, radiative losses are small => adiabatic shock applies

ρ2 = 4ρ1, T2 = 3
16

mv2

k
= 2 × 109 ( v

104 km/s )
2

K

⇢2

⇢1

R �R

Very hot, thin, 
compressed shell

ΔR
R

≃ 1
3

Δρ
ρ

= 1
12

Expanding supernova remnants: II.



Dimensional analysis: assume E = ESN ∝ ρa
1 tbRc

⟹ a = 1, b = − 2, c = 5

Remnant radius grows as R = Rscale ( ESN
ρ1 )

1/5
t2/5

Sedov-Taylor blast-wave solution

Velocity decreases with time as  until it drops below 
~ 200 km/s such that the post-shock temperature < 106 K


This occurs at t ~ 105 yr

v ∝ t−3/5

Hydrogen can now recombine and the remnant quickly cools…

Expanding supernova remnants: II.



Once Hydrogen recombines, cooling is efficient => isothermal shock

Momentum is conserved:  ρ1R3 dR
dt

= constant

⟹ R ∝ t1/4, v ∝ t−3/4
“Snowplough” phase

Post-shock gas moves very slowly (relative to shock) and piles up

The remnant slowly expands and fades 
into the background as the shock speed 
decreases to that of the ambient ISM 
after ~10 Myr.

Expanding supernova remnants: III.



Expanding supernova remnants

The final kinetic energy ~ 2% of initial

=> most of the SN energy is radiated away

Choose your own favorite object and 
figure out its evolutionary state (PS#4)



HII region evolution

Ionized

ne = n1

Neutral

n1

R

�R

VIF = dR/dt

Ṅionize

Ṅ Ionized

ne, Te

Neutral

⇢1 = n1mH

P1 = ⇢1c21 = n1kT1

IF

⇢2
P2

Vs = M1c1

Ionization front + Pressure front
(not covered in lectures… see book for details)

HII regions energize the ISM; less so than a SN but there’s more of them.

But SN have a greater impact on the ISM because of the higher shock speeds => hotter gas



The hot ionized medium
What happens when SN remnants merge together?

https://apod.nasa.gov/apod/ap080327.html

Why might we expect SN to be correlated in space and time?



The hot ionized medium
What happens when SN remnants merge together?



The hot ionized medium
What happens when SN remnants merge together?

SN remnants are large, hot, and relatively long-lived.

Depending (sensitively) on the SN rate, remnants can 

merge with each other, maintaining the high temperature, 
low density, long cooling times => third phase of the ISM

Details are complex… Appendix A is a glossary of symbols and is > 1 page!



The hot ionized medium
Who cares?


- Explains observations of highly 
ionized species such as OVI


- The HIM dominates the volume (but 
not the mass) of the ISM


- (Therefore) the HIM is the main way 
in which pressure equilibrium is 
maintained in the galaxy… if indeed 
the ISM is in equilibrium


- Demonstrates the profound effect of 
combined SN on galaxy evolution

Watkins et al. 2023



Barnes et al. 2023

PHANGS: JWST MIR mapping of PAHs as a “phase-agnostic” tracer of diffuse gas


